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Abstrat
We extend a reently disovered set of relations for gauge-theory amplitudes to non-
gluoni matter. For all MHV amplitudes we nd that these an be made to hold for
salar/fermion/quark ases by inlusion of a fator derived via Ward identities. For six-
and seven-point amplitudes with non-gluoni matter we expliitly onrm these relations
for NMHV heliity ongurations.
PACS numbers: 11.15.Bt, 11.25.Db, 11.55.Bq, 12.38.Bx
1 Introdution
In reent years new eient methods for sattering amplitude alulations have emerged.
Witten's proposed duality between tree-level amplitudes and twistor string theory [1℄, beame
the inspiration for a novel tehnique, today known as the CSW formalism [2℄. This approah
uses MHV [3, 4℄ amplitudes as building bloks for more ompliated amplitudes. Shortly after
a related on-shell reursion relation was introdued (BCFW) [5, 6℄.
Beside the mere pratial alulational advantages, these tehniques have lead to inter-
esting sienti disoveries. The BCFW reursion relations have been used to derive a set of
onsisteny onditions for the S-matrix for massless partiles, providing non-trivial onstraints
on sattering amplitudes [7, 8℄.
A number of useful relations between olor-ordered tree amplitudes have also been known
for some time. These inlude those diretly ditated by the olor-group [9, 10℄ as well as the
Kleiss-Kuijf relations [11, 12℄. The latter redue the number of independent partial n-point
gluon amplitudes to (n−2)! In addition supersymmetry provide relations between amplitudes
of equal heliity onguration but dierent partile ontent, known as supersymmetri Ward
identities (SWI) [13, 14, 15℄.
Reently new relations for olor-ordered tree amplitudes have been onjetured. Based
on a kinemati identity Bern, Carraso and Johansson [16℄ have presented a remarkable set
of heliity-independent relations for gluoni amplitudes, reduing the number of independent
partial amplitudes even further to (n− 3)!
In this paper we make a non-trivial extension of these new gluoni relations to olor-
ordered tree amplitudes ontaining matter. We will onsider amplitudes with n − 2 gluons
and two adjoint fermions (gluinos), adjoint salars or a quark-antiquark pair. The extended
relations introdue a sign-funtion due to fermi statistis, and are veried for n-point MHV
amplitudes and expliitly heked in NMHV ases for six and seven point amplitudes.
∗
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2 Gauge-theory relations
In this setion we introdue supersymmetri Ward identities and matter MHV amplitudes
[17℄ in terms of gluon MHV amplitudes. We also briey review the newly disovered gluoni
relations.
Our onventions and notation an be found in appendix A.
2.1 Supersymmetry relations and MHV amplitudes
As is well known in a supersymmetri theory, partiles with dierent heliity are related to
eah other by a symmetry transformation. These transformations an be used to obtain
relations between amplitudes with dierent partile ontent, known as supersymmetri Ward
identities.
The identities arise from the fat that the superharge, Q, annihilates the vauum. This
imply that
0 = 〈0|[Q,Φ1Φ2 · · ·Φn]|0〉 =
n∑
i=1
〈0|Φ1 · · · [Q,Φi] · · ·Φn|0〉, (1)
where Φi reate heliity eigenstates of some spei partile type. To get onrete relations
one need to know the ommutators between the superharge Q and the Φi's.
As an example onsider the N = 1 supersymmetri Yang-Mills theory. The operators that
reate gluons and gluinos of heliity ± with momentum p are denoted by g±(p) and Λ±(p),
respetively. They obey the following ommutator relations
[Q(η), g+(p)] = −Γ+(p, η)Λ¯+(p), [Q(η), g−(p)] = Γ−(p, η)Λ−(p),
[Q(η), Λ¯+(p)] = −Γ−(p, η)g+(p), [Q(η),Λ−(p)] = Γ+(p, η)g−(p), (2)
where Q depends on a fermioni spinor parameter η. We an always hoose a η so that Γ± is
given by
Γ+(p, q) = θ[qp], Γ−(p, q) = θ〈qp〉, (3)
with q being an arbitrary massless vetor and θ a Grassmann variable (whih will drop out of
the alulations) [9, 10℄.
It turns out that the identities with MHV amplitudes are espeially simple. Take for
instane the string of operators g−1 Λ¯
+
2 g
−
3 g
+
4 · · · g
+
n in Eq. (1), leading to the following SWI
0 = Γ−(1, q)An(Λ
−
1 , Λ¯
+
2 , g
−
3 , g
+
4 , . . . , g
+
n )− Γ
−(2, q)An(g
−
1 , g
+
2 , g
−
3 , g
+
4 , . . . , g
+
n )
−Γ−(3, q)An(g
−
1 , Λ¯
+
2 ,Λ
−
3 , g
+
4 , . . . , g
+
n ), (4)
where we omit amplitudes with two gluinos of the same heliity sine these vanish due to
heliity-onservation. Note that we have an additional sign hange in front of the last ampli-
tude due to the Grassmannian nature of Γ± when moving it through Λ2. Choosing q = p3
the last ontribution vanishes, and we obtain
An(Λ
−
1 , Λ¯
+
2 , g
−
3 , g
+
4 , . . . , g
+
n ) =
〈32〉
〈31〉
An(g
−
1 , g
+
2 , g
−
3 , g
+
4 , . . . , g
+
n ). (5)
The N
k
MHV (k ≥ 1) relations are muh more omplex and do not provide similarly simple
relations like Eq. (5).
Sine we fous on amplitudes with adjoint fermions or adjoint salars, an N ≥ 2 super-
symmetri theory would be needed to derive the relevant relations. Examples of various SWI
2
alulations an be found in [9, 10, 15, 18, 19, 20℄. We will denote the partile type by a
subsript on the orresponding momentum index. The subsript s denotes adjoint salars, f
(and f¯ ) adjoint fermions, and no subsript denotes gluons. We will use the following MHV
matter amplitudes, whih an be obtained by SWI alulations similar to Eq. (5), (for further
details see for instane [21, 22℄)
mn(i
−, j−f/s, k
+
f¯ /s
) =
(
±
〈ik〉
〈ij〉
)2−2h
An(i
−, j−), An(i
−, j−) =
〈ij〉4∏n
r=1〈r (r + 1)〉
. (6)
Here we omit writing the positive-heliity gluons, and inside the parenthesis we have a +
when j < k and − when k < j. An is the purely gluoni amplitude, and the (SWI) fator has
h = 0 for salars and h = 1/2 for fermions (and h = 1 for gluons). Note that the + (−) on a
salar is to be understood as partile (antipartile).
Finally we will make use of an identity [18℄ between olor-ordered tree amplitudes with
fermions in the fundamental representation (quarks) and olor-ordered tree amplitudes with
fermions in the adjoint representation (gluinos). We denote a quark by the subsript q and
an antiquark by q¯
mn(1q¯, 2q, 3, . . . , n) = mn(1f¯ , 2f , 3, . . . , n), (7)
where 1q¯ = 1f¯ and 2q = 2f .
2.2 New gluoni relations
In [16℄ a new representation of gluoni tree amplitudes are onjetured. This representation
introdues an identity satised by kinemati numerator fators, analogous to the Jaobi iden-
tity for olor-fators. The kinemati identity onstrain the partial amplitudes and lead to new
non-trivial relations.
The onjeture an be realized as an equation system desribing the unknown numerators
ni
{nα = nβ − nγ}, An(σi{1, 2, 3, . . . , n}) =

∑
j
nj
(
∏
m p
2
m)j


i
, (8)
where the rst equation represents all the numerator identities analogous to the Jaobi iden-
tities for the orresponding olor-fators, and the seond is the statement that the terms in
this representation sum up to the known partial amplitudes for at least i = 1, . . . , (n − 3)!
dierent permutations of the external legs (the basis amplitudes). The produt of p2m's in the
denominator desribe the pole-struture of the amplitude.
It should be noted, that there is a ertain amount of freedom in the solution to the above
equations. However, part of the onjeture is that any amplitude built out of the solution to
Eq. (8) will be independent of this freedom.
We will illustrate the above onjeture in the simplest ase (see also the earlier work about
ertain zeros in ross setions [23℄). At four points the new representation imply that the full
olor-dressed tree-level gluon amplitude an be written as
Atree4 = g
2
(csns
s
+
ctnt
t
+
cunu
u
)
, (9)
where s, t and u are the usual Mandelstam variables, ci are olor-fators satisfying the Jaobi
identity cu = cs − ct, and the ni are kinemati fators satisfying the orresponding identity
nu = ns − nt (Eq. (8)).
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We will hoose our basis amplitude to be A4(1, 2, 3, 4), and following the seond statement
in Eq. (8) we get
A4(1, 2, 3, 4) =
ns
s
+
nt
t
. (10)
In order to obtain the mentioned relation, we write A4(1, 2, 4, 3) in this representation as
well
A4(1, 2, 4, 3) = −
nu
u
−
ns
s
, (11)
where the sign ip is due to the antisymmetry of olor-ordered Feynman rules.
By use of the kinemati identity nu = ns − nt we get
tA4(1, 2, 3, 4) − uA(1, 2, 4, 3) =
tns
s
+ (nt + nu) +
uns
s
=
tns
s
+ ns +
uns
s
=
ns(t+ s+ u)
s
= 0, (12)
hene we see that we derived the well known identity tA4(1, 2, 3, 4) = uA(1, 2, 4, 3).
In general, hoosing the basis as An(1, 2, 3, σ{4, . . . , n}) and solving the above equation
system for these (n − 3)! gluon amplitudes, i.e. expressing ni in terms of these amplitudes,
and using the solution for the remaining amplitudes, one obtains new relations equivalently
to the four-point ase.
It is possible to onjeture an all-n form [16℄ for these gluoni relations,
An(1, 2, {α}, 3, {β}) =
∑
{σ}∈POP ({α},{β})
An(1, 2, 3, {σ})
m∏
k=4
F(3, {σ}, 1|k)
s2,4,...,k
, (13)
where
{α} ≡ {4, 5, . . . ,m− 1,m}, {β} ≡ {m+ 1,m+ 2, . . . , n− 1, n}, (14)
and the sum runs over partially ordered permutations (POP ), orresponding to all permu-
tations of {α} ∪ {β} that maintains the order of the {β} elements. Either set an be taken as
empty, but if {α} is empty the relation beomes trivial. The funtion F assoiated with leg
k is given by
F(3, {σ}, 1|k) ≡ F({ρ}|k) =
{ ∑n−1
l=tk
G(k, ρl) if tk−1 < tk
−
∑tk
l=1 G(k, ρl) if tk−1 > tk
}
+


s2,4,...,k if tk−1 < tk < tk+1
−s2,4,...,k if tk−1 > tk > tk+1
0 else

 , (15)
where tk is the position of leg k in {ρ}, exept for t3 and tm+1 whih are always dened to be
t3 ≡ t5, tm+1 ≡ 0, (16)
and ρl is the leg at position l in {ρ}. The funtion G is given by
G(i, j) =
{
si,j if i < j or j = 1, 3
0 else
}
, (17)
and the kinemati invariants are,
si,j = (ki + kj)
2, s2,4,...,i = (k2 + k4 + . . . + ki)
2, (18)
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with all momenta massless and outgoing.
The ordering in {α} and {β} only give some of the relations, but the rest an be obtained
by permutations of 4, . . . , n.
Note that the Kleiss-Kuijf relations allow for the xing of leg 1 and 2, and that the basis
amplitudes have been hosen to be independent under these relations. Therefore only (n−3)!
independent partial amplitudes are left.
For purely gluoni amplitudes the four- and ve-point relations, generated from Eq. (13),
are [16℄
A4(1, 2, {4}, 3) =
A4(1, 2, 3, 4)s14
s24
, (19)
and
A5(1, 2, {4}, 3, {5}) =
A5(1, 2, 3, 4, 5)(s14 + s45) +A5(1, 2, 3, 5, 4)s14
s24
,
A5(1, 2, {4, 5}, 3) =
−A5(1, 2, 3, 4, 5)s34s15 −A5(1, 2, 3, 5, 4)s14(s245 + s35)
s24s245
, (20)
respetively.
In the four-point ase only one relation exists. In the ve-point ase two more relations are
obtained by interhanging 4 and 5 in the two equations. We have kept {. . . } in the equations
for easy omparison with Eq. (13). Expliit expressions for six- and seven-point relations an
be found in appendix B.
In the following we will refer to the above new relations as the BCJ-relations.
3 New matter relations
Our onjeture is that Eq. (13) an be generalized to inlude matter, and thereby lead to new
non-trivial relations between matter amplitudes.
Let i and j denote the momentum index of the two heliity h matter partiles in the partial
amplitudes mn. Our generalized formula is
mn(1, 2, {α}, 3, {β}) =
∑
{σ}∈POP ({α},{β})
(
signσ{i, j}
)2h
mn(1, 2, 3, {σ})
m∏
k=4
F(3, {σ}, 1|k)
s2,4,...,k
, (21)
where signσ{i, j} is a sign-funtion dened to give −1 when the order of the matter legs in
mn(1, 2, 3, {σ}) is hanged ompared to mn(1, 2, {α}, 3, {β}), and +1 when the order is kept.
We have h = 0 for salars, h = 1/2 for fermions (gluinos or quarks), and h = 1 for gluons.
Note that the quark ase assume (i, j) = (1, 2).
We now go into details onerning the veriation of these extended relations, whih are
based on the simple struture of the MHV matter amplitudes from Se. 2.1 and expliit heks
in six- and seven-point NMHV ases. We stress that all the amplitudes used in the veriation
are onsistent with the supersymmetri Ward identities.
3.1 Four-point matter relation
For four-point amplitudes only MHV ongurations are non-zero. It is evident from Eq. (6)
that Eq. (19) an be extended to all MHV matter amplitudes with two fermions or two
salars. One simply multiplies both side of Eq. (19) with the appropriate SWI fator and get,
for instane
m4(1
−
s/f , 2
+
s/f¯
, {4−}, 3+) =
m4(1
−
s/f , 2
+
s/f¯
, 3+, 4−)s14
s24
. (22)
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If we onsider the ase with fermions on leg 3 and 4 we see that one of the sides need to
hange sign in order for the relation to hold, e.g. after multiplying with the same SWI fator
on both sides of Eq. (19) we rewrite the righthand side amplitude as
〈13〉
〈14〉
A4(1
−, 2+, 3+, 4−) = −
(
−
〈13〉
〈14〉
A4(1
−, 2+, 3+, 4−)
)
= −m4(1
−, 2+, 3+
f¯
, 4−f ). (23)
Furthermore Eq. (7) imply that also quark amplitudes m4(1q¯, 2q, 3, 4) satisfy the relation.
3.2 Five-point matter relations
Again only MHV (and googly-MHV) amplitudes are non-zero, and Eq. (6) allow us to write
down the analogous matter relations. The example similar to Eq. (22) is
m5(1
−
s/f , 2
+
s/f¯
, {4, }, 3, {5}) =
m5(1
−
s/f , 2
+
s/f¯
, 3, 4, 5)(s14 + s45)
s24
+
m5(1
−
s/f , 2
+
s/f¯
, 3, 5, 4)s14
s24
,
m5(1
−
s/f , 2
+
s/f¯
, {4, 5}, 3) = −
m5(1
−
s/f , 2
+
s/f¯
, 3, 4, 5)s34s15
s24s245
−
m5(1
−
s/f , 2
+
s/f¯
, 3, 5, 4)s14(s245 + s35)
s24s245
. (24)
If the fermion legs were among those that ip order in the amplitudes (i.e. if they both belong
to {3, 4, 5}) the same argument as in the four-point ase verify the sign funtion in Eq. (21).
Eq. (7) implies the validity of these relations for quark amplitudes m5(1q¯, 2q, 3, 4, 5) as
well.
3.3 n-point MHV matter ase
The four- and ve-point ases are just spei examples of the general MHV n-point situation.
The simple multipliation by a SWI fator and the linearity of the BCJ-relations extend
Eq. (13) diretly to inlude salars or fermions in the manner onjetured in Eq. (21), e.g.
mn(1
−
s/f , 2, {α}, 3
+
s/f¯
, {β}) =
∑
{σ}∈POP ({α},{β})
mn(1
−
s/f , 2, 3
+
s/f¯
, {σ})
m∏
k=4
F(3, {σ}, 1|k)
s2,4,...,k
. (25)
When both fermions belong to {3, . . . , n} the relations involve amplitudes ipping the order
of these legs, whih is aounted for by the sign-funtion.
The relations are extended to MHV amplitudes with fermions in the fundamental repre-
sentation by Eq. (7).
3.4 Six- and seven-point matter relations
For six-point amplitudes there are three lasses of matter relations, giving a total of 18 relations
obtained by permutations of leg 4, 5 and 6.
For seven-point amplitudes there are 96 matter relations. They ome in four lasses, eah
representing 24 relations by permutating 4, 5, 6 and 7. We have generated these four lasses
from Eq. (13). Expliit expression for both six- and seven-point relations an be found in
appendix B.
Until now the veriation of Eq. (21) has been provided by the multipliation of an SWI
fator. The NMHV amplitudes, however, introdue more ompliated expressions. We have
used the BCFW reursion relation to generate NMHV matter amplitudes for six and seven
6
points. When possible, we have ompared with amplitudes obtained in the literature [5,
20, 24℄, and made sure that all used amplitudes were onsistent with supersymmetri Ward
identities. At tree-level the following amplitude struture appears
Agluonn =
∑
i
Xi, mn =
∑
i
Xi (ai)
2−2h, (26)
with mn ontaining a pair of heliity h matter partiles, and ai is some kinematial (SWI)
fator. An example of a matter amplitude is
m6(1
+
h¯
, 2+, 3+, 4−h , 5
−, 6−) =
〈6|1 + 2|3]3
〈12〉〈61〉[34][45]〈2|1 + 6|5]s126
(
[34]〈16〉
〈6|1 + 2|3]
)2−2h
〈4|2 + 3|1]3
〈23〉〈34〉[56][61]〈2|3 + 4|5]s234
(
s234
〈4|2 + 3|1]
)2−2h
. (27)
One needs to be areful when using general expressions like Eq. (27) sine in some ampli-
tudes an additional term, i.e. an Xi, exists in the gluon ase (h = 1), ompared to the matter
amplitudes.
Using our six- and seven-point NMHV amplitudes we have made expliit heks of Eq. (21),
i.e. of non-trivial matter relations like
m6(1
−, 2−, {4−h , 5
+
h¯
, 6+}, 3+) = −
m6(1
−, 2−, 3+, 4−h , 5
+
h¯
, 6+)s34(s245 + s56 + s15)s16
s24s245s2456
+(−1)2h
m6(1
−, 2−, 3+, 6+, 5+
h¯
, 4−h )s14(s245 + s35 + s56)(s2456 + s36)
s24s245s2456
+
m6(1
−, 2−, 3+, 6+, 4−h , 5
+
h¯
)(s34 + s46)s15(s2456 + s36)
s24s245s2456
−(−1)2h
m6(1
−, 2−, 3+, 5+
h¯
, 4−h , 6
+)(s14 + s46)s35s16
s24s245s2456
+
m6(1
−, 2−, 3+, 4−h , 6
+, 5+
h¯
)s34s15(s2456 + s36)
s24s245s2456
−(−1)2h
m6(1
−, 2−, 3+, 5+
h¯
, 6+, 4−h )s14s35s16
s24s245s2456
, (28)
and in all our ases we have found Eq. (21) to be satised. This veries our extended relations
in a series of highly non-trivial ases.
Due to Eq. (7) they also hold for the NMHV quark ase mn(1q¯, 2q, 3, . . . , n), with (at least)
n = 6 or 7.
Sine the relations are satised for MHV amplitudes independently of the SWI fator (at
least when the order of the fermions are kept xed), one might imagine something similarly
to be true for NMHV amplitudes, i.e. valid for a wide range of h values in the (ai)
2−2h
fators. However, in our representation of the amplitudes this was not the ase. More speif-
ially, the relations were satised for only very spei values of h, namely h = 1, 1/2, 0,−1/2
(orresponding to gluons, fermions, salars and anti-fermions).
4 Conlusions
In this paper we have extended new gluoni relations to inlude amplitudes with matter, i.e.
amplitudes where two of the partiles is a pair of either adjoint fermions, salars or quarks.
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The remaining n − 2 partiles were taken to be gluons. For MHV amplitudes the extension
relied on the simple SWI struture, multiplying the usual gluon amplitudes by a fator.
For six- and seven-points we used the BCFW reursion relation to obtain NMHV matter
amplitudes. Using these, expliit heks of the matter relations, Eq. (21), was performed, and
in all our ases we found the relations to be satised.
The natural extension of the BCJ-relations suggest that the onjetures in [16℄ are valid
in a very general setting. However, we postpone onsiderations onerning Eq. (21) for more
than two matter partiles to future work.
The importane of understanding the generality of the new relations is not onned to
mere tree-level alulations. By mean of unitarity uts loop amplitudes an be onstruted
from tree-level amplitudes [25, 26℄ (see also [27℄). Considering supersymmetri theories this
involve sums over all partile types and physial states that an propagate on the ut lines. It
is thus essential for suh omputations to extend the newly disovered BCJ-relations to these
non-gluoni relations.
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A Conventions and notation
A.1 Gauge-theory olor struture
Consider an SU(Nc) gauge-theory. When all external partiles are in the adjoint representa-
tion, the full olor-dressed tree amplitude an be written as
Atreen = g
n−2
∑
σ(2,3,...,n)
Tr[T a1T aσ(2) . . . T aσ(n) ]An(1, σ(2), . . . , σ(n)), (29)
where An is the partial amplitudes, T
ai
the generators of the gauge group, and the sum
runs over all permutations of leg 2, 3, . . . , n (equivalent to all non-yli permutations of leg
1, 2, . . . , n). We use the shorthand notation i for momentum pi and have suppressed the
heliities.
Although we have used An in Eq. (29) we will in general distinguish between purely gluoni
amplitudes, An, and amplitudes ontaining matter partiles, mn.
The gauge group algebra imply a number of well known relations between partial ampli-
tudes, see, for instane, [9℄.
Inluding a quark-antiquark pair, and keeping n − 2 gluons, the full olor-dressed tree
amplitude an be deomposed as
Mtreen = g
n−2
∑
σ(3,4,...,n)
(T aσ(3)T aσ(4) . . . T aσ(n)) ¯1i2 mn(1q¯, 2q, σ(3), . . . , σ(n)), (30)
where i2 and ¯1 are the index of the quark and antiquark in the fundamental representation.
Note that the quark and antiquark is not part of the permutations in Eq. (30).
A.2 Spinor produts
In onnetion with SWI and MHV amplitudes we use the spinor heliity formalism [9, 10℄.
Atually we only use the spinor produts, whih will be dened here.
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Let u(p) be a massless four-dimensional Dira spinor, i.e.
p · γu(p) = 0, p2 = 0. (31)
We always use units with ~ = c = 1 and Minkowski spae. Dene the two heliity states of
u(p) by the two hiral projetions
u±(p) ≡
1
2
(1± γ5)u(p), (32)
and introdue the notation
|p±〉 ≡ u±(p), 〈p± | ≡ u±(p), (33)
where u±(p) ≡ u±(p)γ
0
. The basi spinor produts are then dened as
〈pq〉 ≡ 〈p − |q+〉 = u−(p)u+(q), [pq] ≡ 〈p+ |q−〉 = u+(p)u−(q), (34)
whih are related by omplex onjugation 〈pq〉∗ = [qp].
When working with several partiles of dierent momenta pi, we use the shorthand nota-
tion
〈pipj〉 ≡ 〈ij〉, [pipj] ≡ [ij]. (35)
Note that in Eq. (27) we use the notation
〈a|b+ c|d] ≡ 〈ab〉[bd] + 〈ac〉[cd]. (36)
B BCJ-relations for six- and seven-point amplitudes
We give the expliit expressions for the six- and seven-point relations generated from Eq. (13).
The matter relations an be obtained by replaing the gluon amplitudes, An, with the matter
amplitudes, mn, and multiplying eah of them with the sign-funtion from Eq. (21).
The three lasses of BCJ-relations for gluoni six-point amplitudes are [16℄
A6(1, 2, {4}, 3, {5, 6}) =
A6(1, 2, 3, 4, 5, 6)(s14 + s46 + s45)
s24
+
A6(1, 2, 3, 5, 4, 6)(s14 + s46)
s24
+
A6(1, 2, 3, 5, 6, 4)s14
s24
, (37)
A6(1, 2, {4, 5}, 3, {6}) = −
A6(1, 2, 3, 4, 5, 6)s34(s15 + s56)
s24s245
−
A6(1, 2, 3, 4, 6, 5)s34s15
s24s245
−
A6(1, 2, 3, 6, 4, 5)(s34 + s46)s15
s24s245
−
A6(1, 2, 3, 5, 4, 6)(s14 + s46)(s245 + s35)
s24s245
−
A6(1, 2, 3, 5, 6, 4)s14(s245 + s35)
s24s245
−
A6(1, 2, 3, 6, 5, 4)s14(s245 + s35 + s56)
s24s245
, (38)
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A6(1, 2, {4, 5, 6}, 3) = −
A6(1, 2, 3, 4, 5, 6)s34(s245 + s56 + s15)s16
s24s245s2456
+
A6(1, 2, 3, 4, 6, 5)s34s15(s2456 + s36)
s24s245s2456
+
A6(1, 2, 3, 6, 4, 5)(s34 + s46)s15(s2456 + s36)
s24s245s2456
−
A6(1, 2, 3, 5, 4, 6)(s14 + s46)s35s16
s24s245s2456
−
A6(1, 2, 3, 5, 6, 4)s14s35s16
s24s245s2456
+
A6(1, 2, 3, 6, 5, 4)s14(s245 + s35 + s56)(s2456 + s36)
s24s245s2456
. (39)
We get the following four lasses of BCJ-relations for gluoni seven-point amplitudes
A7(1, 2, {4}, 3, {5, 6, 7}) =
A7(1, 2, 3, 4, 5, 6, 7)(s45 + s46 + s47 + s41)
s24
+
A7(1, 2, 3, 5, 4, 6, 7)(s46 + s47 + s41)
s24
+
A7(1, 2, 3, 5, 6, 4, 7)(s47 + s41)
s24
+
A7(1, 2, 3, 5, 6, 7, 4)s41
s24
, (40)
A7(1, 2, {4, 5}, 3, {6, 7}) = −
A7(1, 2, 3, 4, 5, 6, 7)s43 (s56 + s57 + s51)
s24s245
−
A7(1, 2, 3, 5, 4, 6, 7)(s46 + s47 + s41)(s53 + s245)
s24s245
−
A7(1, 2, 3, 4, 6, 5, 7)s43 (s57 + s51)
s24s245
−
A7(1, 2, 3, 4, 6, 7, 5)s43s51
s24s245
−
A7(1, 2, 3, 6, 4, 7, 5)(s43 + s46)s51
s24s245
−
A7(1, 2, 3, 6, 7, 4, 5)(s43 + s46 + s47)s51
s24s245
−
A7(1, 2, 3, 6, 7, 5, 4)s41 (s53 + s56 + s57 + s245)
s24s245
−
A7(1, 2, 3, 6, 5, 7, 4)s41 (s53 + s56 + s245)
s24s245
−
A7(1, 2, 3, 5, 6, 7, 4)s41 (s53 + s245)
s24s245
−
A7(1, 2, 3, 5, 6, 4, 7)(s47 + s41)(s53 + s245)
s24s245
−
A7(1, 2, 3, 6, 4, 5, 7)(s43 + s46)(s57 + s51)
s24s245
−
A7(1, 2, 3, 6, 5, 4, 7)(s47 + s41)(s53 + s56 + s245)
s24s245
, (41)
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A7(1, 2, {4, 5, 6}, 3, {7}) = −
A7(1, 2, 3, 4, 5, 6, 7)s43 (s56 + s57 + s51 + s245)(s67 + s61)
s24s245s2456
+
A7(1, 2, 3, 6, 7, 5, 4)s41 (s53 + s56 + s57 + s245)(s63 + s2456)
s24s245s2456
−
A7(1, 2, 3, 7, 4, 5, 6)(s43 + s47)(s56 + s51 + s245)s61
s24s245s2456
+
A7(1, 2, 3, 6, 5, 4, 7)(s47 + s41)(s53 + s56 + s245)(s63 + s2456)
s24s245s2456
−
A7(1, 2, 3, 5, 6, 4, 7)(s47 + s41)s53(s67 + s61)
s24s245s2456
+
A7(1, 2, 3, 4, 6, 5, 7)s43 (s57 + s51)(s63 + s2456)
s24s245s2456
+
A7(1, 2, 3, 6, 4, 5, 7)(s43 + s46)(s57 + s51)(s63 + s2456)
s24s245s2456
−
A7(1, 2, 3, 5, 4, 6, 7)(s46 + s47 + s41)s53(s67 + s61)
s24s245s2456
−
A7(1, 2, 3, 4, 5, 7, 6)s43 (s57 + s56 + s51 + s245)s61
s24s245s2456
+
A7(1, 2, 3, 6, 5, 7, 4)s41 (s53 + s56 + s245)(s63 + s2456)
s24s245s2456
−
A7(1, 2, 3, 4, 7, 5, 6)s43 (s56 + s51 + s245)s61
s24s245s2456
−
A7(1, 2, 3, 7, 5, 4, 6)(s46 + s41)(s53 + s57)s61
s24s245s2456
+
A7(1, 2, 3, 7, 4, 6, 5)(s43 + s47)s51(s63 + s67 + s2456)
s24s245s2456
−
A7(1, 2, 3, 7, 5, 6, 4)s41 (s53 + s57)s61
s24s245s2456
+
A7(1, 2, 3, 7, 6, 4, 5)(s43 + s47 + s46)s51(s63 + s67 + s2456)
s24s245s2456
−
A7(1, 2, 3, 5, 6, 7, 4)s41s53(s67 + s61)
s24s245s2456
+
A7(1, 2, 3, 6, 4, 7, 5)(s43 + s46)s51(s63 + s2456)
s24s245s2456
−
A7(1, 2, 3, 5, 4, 7, 6)(s47 + s46 + s41)s53s61
s24s245s2456
+
A7(1, 2, 3, 4, 6, 7, 5)s43s51(s63 + s2456)
s24s245s2456
−
A7(1, 2, 3, 5, 7, 4, 6)(s46 + s41)s53s61
s24s245s2456
+
A7(1, 2, 3, 4, 7, 6, 5)s43s51(s63 + s67 + s2456)
s24s245s2456
−
A7(1, 2, 3, 5, 7, 6, 4)s41s53s61
s24s245s2456
+
A7(1, 2, 3, 6, 7, 4, 5)(s43 + s46 + s47)s51(s63 + s2456)
s24s245s2456
+
A7(1, 2, 3, 7, 6, 5, 4)s41 (s53 + s57 + s56 + s245)(s63 + s67 + s2456)
s24s245s2456
,
(42)
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A7(1, 2, {4, 5, 6, 7}, 3) = −
A7(1, 2, 3, 4, 5, 6, 7)s43 (s56 + s57 + s51 + s245)(s67 + s61 + s2456)s71
s24s245s2456s24567
−
A7(1, 2, 3, 5, 4, 6, 7)(s46 + s47 + s41)s53(s67 + s61 + s2456)s71
s24s245s2456s24567
+
A7(1, 2, 3, 7, 5, 6, 4)s41 (s53 + s57)s61(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 7, 5, 4, 6)(s46 + s41)(s53 + s57)s61(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 6, 7, 5, 4)s41 (s53 + s56 + s57 + s245)s63s71
s24s245s2456s24567
+
A7(1, 2, 3, 6, 5, 4, 7)(s47 + s41)(s53 + s56 + s245)s63s71
s24s245s2456s24567
−
A7(1, 2, 3, 5, 6, 4, 7)(s47 + s41)s53(s67 + s61 + s2456)s71
s24s245s2456s24567
+
A7(1, 2, 3, 5, 7, 4, 6)(s46 + s41)s53s61(s73 + s24567)
s24s245s2456s24567
−
A7(1, 2, 3, 4, 7, 6, 5)s43s51(s63 + s67 + s2456)(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 6, 5, 7, 4)s41 (s53 + s56 + s245)s63s71
s24s245s2456s24567
+
A7(1, 2, 3, 4, 7, 5, 6)s43 (s56 + s51 + s245)s61(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 5, 4, 7, 6)(s47 + s46 + s41)s53s61(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 4, 6, 7, 5)s43s51s63s71
s24s245s2456s24567
+
A7(1, 2, 3, 5, 7, 6, 4)s41s53s61(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 6, 7, 4, 5)(s43 + s46 + s47)s51s63s71
s24s245s2456s24567
+
A7(1, 2, 3, 4, 6, 5, 7)s43 (s57 + s51)s63s71
s24s245s2456s24567
+
A7(1, 2, 3, 6, 4, 5, 7)(s43 + s46)(s57 + s51)s63s71
s24s245s2456s24567
−
A7(1, 2, 3, 5, 6, 7, 4)s41s53(s67 + s61 + s2456)s71
s24s245s2456s24567
+
A7(1, 2, 3, 6, 4, 7, 5)(s43 + s46)s51s63s71
s24s245s2456s24567
−
A7(1, 2, 3, 7, 6, 5, 4)s41 (s53 + s57 + s56 + s245)(s63 + s67 + s2456)(s73 + s24567)
s24s245s2456s24567
−
A7(1, 2, 3, 7, 6, 4, 5)(s43 + s47 + s46)s51(s63 + s67 + s2456)(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 7, 4, 5, 6)(s43 + s47)(s56 + s51 + s245)s61(s73 + s24567)
s24s245s2456s24567
−
A7(1, 2, 3, 7, 4, 6, 5)(s43 + s47)s51(s63 + s67 + s2456)(s73 + s24567)
s24s245s2456s24567
+
A7(1, 2, 3, 4, 5, 7, 6)s43 (s57 + s56 + s51 + s245)s61(s73 + s24567)
s24s245s2456s24567
. (43)
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